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5.1.1 The Discrete-Time Fourier Transform

• x[n] – aperiodic and (for simplicity) of finite duration

• N is large enough so that x[n] = 0 if |n| ≥ N/2

• x[n]  = x[n]  for [n] ≤ N/2 and periodic with period N

Derivation:  (Analogous to CTFT) except ejwn = ej(w+2π)n)



DTFS synthesis eq.

DTFS analysis eq.

Define





5.1.2 Convergence Issues

• Synthesis Equation: None, since integrating over a finite 
interval

• Analysis Equation: Need conditions analogous to CTFT, 
e.g.

— Finite energy

— Absolutely summable



5.1.3 Examples of DT Fourier Transform

• Unit Impulse

• DC Signal
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Proof:



• Exponential Signal
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• Rectangular Pulse
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5.1.4 DTFT of Periodic Signals

DTFS

synthesis eq.

Linearity of 

DTFT



• DT sine function



• DT periodic impulse train

— Also periodic impulse train – in the frequency domain!
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• Periodicity 

Example:

Suppose:

Determine:

• Linearity

( 2 )( ) ( )j jX e X e   
— Different from CTFT
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• Time Shifting and Frequency Shifting

Example:
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— Important implications in DT because of periodicity



• Time Reversal

• Conjugate Symmetry



• Time Expansion

▫ Recall CT property:

▫ But in DT: x[n/2] makes no sense

x[2n] misses odd values of x[n]

▫ We can “slow” a DT signal down by inserting zeros:
k —an integer ≥ 1

x(k)[n] — insert (k - 1) zeros between successive values

Insert two zeros 

in this example

(k=3)



if n is an integer multiple of k 

otherwise — Stretched by a factor

of k in time domain

-compressed by a factor 

of k in frequency domain



• Differencing and Accumulation
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Example :

Notes:



• Differentiation in Frequency

• Parseval’s Relation
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Multiplication 

by n
Differentiation 

in frequency

Total energy in 

time domain
Total energy in 

frequency domain
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5.3.1 Convolution Property



• Example: Enginfunction property of discrete exponential



• Example: convolution of exponentials



When α=β, by exploiting the differential property 
in frequency domain , one obtains  



5.3.2 Frequency Response
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—frequency response

－i.e. stable conditionConditioned on: 

Let：



• The frequency response is the F.T. of the impulse response, it 
captures the change in complex amplitude of the Fourier transform 
of the input at each frequency ω

• The frequency response H(ejω) can completely represent a stable 
LTI system (NOT all LTI systems), as its inverse transform, the unit 
impulse response h[n]

• The frequency response is the F.T. of the impulse response, it 
captures the change in complex amplitude of the Fourier transform 
of the input at each frequency ω

      jeHjjj eeHeH 

Magnitude gain Phase shifting



• Example
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5.4.1 Multiplication Property of DTFT

Derivation:



• Calculating Periodic Convolutions



• Example:



Duality in Fourier Analysis

• CTFT: Both time and frequency are continuous and in general 
aperiodic

Same except 

for these 

differences

Suppose f() and g() are two functions 

related by



Example of CTFT duality
Square pulse in either time or frequency domain



Duality between CTFS and DTFT

CTFS

DTFT





Homework

• BASIC PROBLEMS : 5.1, 5.4, 5.6, 5.8, 5.9



Many Thanks 

Q & A

39


